Proc. Indian Acad. Sci. (Math. Sci.) Vol. 115, No. 3, August 2003, pp. 347-368. 
Printed in India 



Wavelet characterization of Hormander symbol class g and 
applications 

Q X YANG 

Department of Mathematics, Wuhan University, 430072 Hubei, China 
E-mail: yangqi99@public.wh.hb.cn 

MS received 12 March 2005 

Abstract. In this paper, we characterize the symbol in Hormander symbol class 
S'p g{m ^ R.p.S > 0) by its wavelet coefficients. Consequently, we analyse the kernel- 
distribution property for the symbol in the symbol class 5™ g (ra £ i?, p > 0,S > 0) 
which is more general than known results; for non-regular symbol operators, we estab- 
lish sharp L^-continuity which is better than Calderon and Vaillancourt's result, and 
establish L'^ (1 < p < oo) continuity which is new and sharp. Our new idea is to analyse 
the symbol operators in phase space with relative wavelets, and to establish the kernel 
distribution property and the operator's continuity on the basis of the wavelets coeffi- 
cients in phase space. 
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1. Introduction 

A symbol a{x,^) € S'{R" x R") can define a symbol operator g{x,D): S{R") S'{R") 
by the following formula: 

a{x,D)f{x) = J e"'^(T(x,^)/(<^) d^, (1.1) 

where /(^) is the Fourier transformation of function f{x). When Hormander studied 
pseudodifferential operators, he introduced Hormander's symbol class S'^ g{m £ R,p ,5 > 
0). One writes <j{x,^) e S'^ g, if 

|a«5|a(x,^)|<C„,^(l + |^ir-''l^l+^l«l Va,j3eA^". (1.2) 

But we did not know what are the elements in Hormander class Spg{m^R,p,5>Q) 
before. Professor Meyer STTi proposed me to study such a kind of pseudodifferential 
operators with wavelets. 

All of us know that wavelet theory has made a great success in the study of func- 
tion spaces, and symbols were introduced as a representation of operators. In this sense, 
operators could be viewed as matrix under the usual wavelet bases for function spaces, 
and one hopes that the above class of operators could be characterized by the operators 
whose matrices under the respective wavelet basis are privileged on the diagonal. But 
this is not true except for the case where the operators themselves and their conjugate 
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operator all belong to OpS'l\ (see (El). In refs I6I17I18I one used the Beylkin-Coifman- 
Meyer-Rokhlin algorithm and its generalization to characterize the kernel-distribution of 
operators by their wavelet coefficients. In analysing Calderon-Zygmund operators, Yang 
treated their kernel-distributions as usual distribution in 2n dimensions. In analysing sym- 
bol operators in OpS'"g (0 < 5 < 1), he treated their kernel-distribution like distributions 
in 2n dimensions where different coordinates play different roles. Further, one developed 
pseudo-annular decomposition to study operator's continuity on the basis of wavelet char- 
acterization (see t4ll ih . But there exists difficulties to find unconditional bases for gen- 
eral symbol operators in OpSpg by considering their kernel-distributions. Here, we treat 
directly the symbols as distributions in phase space and our first aim is to characterize all 
these symbol classes with wavelet coefficients. 

Besov spaces is a little bigger than Holder spaces C™. But the latter has no uncon- 
ditional basis, and wavelets cannot characterize it; the former has unconditional basis, and 
wavelets can characterize it. Hence we replace 5™ g by 5™ g. One writes a{x, E, ) G S'^ g, if 

||a^^(T(x,<^)||^a,.<C„,p(l + |<^ir-''l/^l+^«, VaeA^,j3GA^". (1.3) 
We have the following theorem. 

Theorem 1. Given m E R,p,5 >0, there exists an index set Ap g, a group of wavelet 
basis {4>;l ('''^7^)};ieAp g where <I>;^(x,i^) £ S{R" x R") and a group of number array spaces 
N'" o such that 

(i) If<j{x,^) G S'p then there exists a unique sequence {ax\xeKp ^ ^ ^'p s ^^^^ that 

(ii) Conversely, if {cii}xeAp g G then there exists a unique symbol (7(x, ^ ) such that 
the following formula is true in the sense of symbol 

Remark 1. Given m e R,p,5 > 0, by (1.2) and (1.3), it is easy to see that S'^ g C S'^g 
where their elements are almost the same, more precisely, S'^ g S"^ g J; 5™ 5^^, Vt > 0. 
Further, by the proof in Theorem 5 below, we know S["f^ = Sqq. 

Note that, if there exist a set S and a group of functions {'t'A(^7^)};iGS satisfying that 
^>i{x,^) eS{R" xR") and {4>a.(^,^)}a.g5 is an orthonormal basis in L^{R" xR"), then for 
each distribution a{x,^) G S'{R'^ x R") and for each X G 5, we can define a unique num- 
ber ai = {g {x, £,),<$> I {x,£,)). That is to say, there is an one-to-one relationship between 
the symbols in S'{R" x R") and the number sequences {a^}ifzs- Thus {fl;i};ig5 becomes 
a new representation for symbol — a wavelet representation. The difficulties to analyse 
operators with wavelets are to find the appropriate wavelet basis. The proof of Theo- 
rem 1 will be given in two sections: in Theorem 5 of §3, we find unconditional bases for 
S'qs (5 > 0); in §5, we characterize S"p g (p > 0) with wavelet coefficients. 
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The second generation of Calderon-Zygmund operators studied kernel-distribution 
k(x,z) where 

k{x,z) = (In)-" j a{x,^)e''^ d^ 

and 

Tf{x) = a{x,D)f{x) = j k{x,z)f{x-z) dz. 

Meyer |12| and Stein |15| have estabhshed some relations for symbol and kernel- 
distribution for some special symbol class S'" g. The second aim of this paper is to get a 
more general result by using Theorem 1 or more precisely, by using Theorem 6 in §4. 

Theorem 2. Given m e R,p > 0,8 > 0. If o{x,t,) e 5™^, then Va,j3 G A^", we have 

(i) If\z\ > J, then, ya,l5 £ N", we have 

\d,"d,Pk{x,z)\ < Ca.pA^ + \z\)-'',yN > 0. 

(ii) If \z\<j, then, Va e N,I5 e N", we have 

H^kix,z)\\j,a..<Ca.p,N\z\-''yN>0 

and 

« + w + 5a + max(l,p)|j3| <Np. 
The proof of Theorem 2 will be given in §5. 

The reason why we pay attention to the wavelet structure of operators is to analyse pre- 
cisely operator's continuity. For example, Tl theorem and compensated compactness are 
well-known (see 12141911 11161 '). There are some problems which are hard to solve with- 
out wavelets. In I5I7I19I . one uses wavelets and relative pseudo-annular decomposition 
to study the Tl theorem and the compensated theory and gets some good results. The 
third aim of this paper is to study the L^-continuity and the L''-continuity of non-regular 
symbol operators. On the basis of symbol's wavelet coefficients in phase space, we can 
apply a precise Huygens' principal (or a precise micro-analysis method) to study opera- 
tor's continuity (see also |10|). 

In 115 1, Stein studied the L^-continuity of operators defined by the symbol in 
S^Q = C;-{R^"). In L3J and L8J, one studied pseudodifferential operators in phase space. 
In in, Calderon and VaiUancourt studied L^-continuity of symbol operators where sym- 
bol a{x,£,) belong to the Holder space Cf+'(/?2") and in some sense, which is the 
special Besov space Z?^"+''°°(/?^") = Z?^"+''°°. Here we reduce an index n for the order 
of smoothness and establish L^-continuity also; in fact, for s < n < s', we know that 
C BJI;' C Further, we can construct a special operator to show that our result is 
sharp. That is our Theorem 3. 



Theorem 3. 
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(i) 7/'c7(x, 1^) G B"'\ then we have 

o{x,D) defines an operator which is continuous from L^iR") to L?'{R"). 

(1.4) 

(ii) Conversely, for < s <n, there exists a symbol a{x,^) G Z?^°° but 

o{x,D) is not continuous from L^{R") to L^{R"). (1.5) 

In addition, if we strengthen a little the above assumption, we can consider Z/- 
continuity. Let Q = {x = {xi, . . . ,x„) , < x, < 1,1 < ; < n} be a unit cube in R". For j > 
and k G Z", denote 2^Jk + = {x: 2^x — k£Q}. Let /„ be the set which is composed 
by n elements in R" which are the unit vectors in the direction of the axes. For arbitrary 
distribution /(x) and for e £ In, h G R,m G N, let 

%em=f{x + he)-f{x) and T^, = (t,,)'". 
For 7 > 1 ,X = (x, ^ ) G /?2n g g 72„, denote 

(7,>(X)=T«_,,(7(X). 

Denote 

aj(0) = sup / / |a(x,^)| dxd^, 

keZ" Jk+QjR" 

and for j > 1, denote 

(0{j)= sup / / |c7,>(x,^)| dxd^. 

We say that a(x, ^ ) G B", if 

£2("+^)^a)(7)<~. 

j 

By (2.7) and (7.1) below, we know that B" ^ B'^KNow we establish L''-continuity. 
Theorem 4. 

(i) Ifa{x,^) satisfies the condition 

a{x,^)€B", (1.6) 
then for I < p <oo,we have 

a{x,D) is continuous from LP{R") to LP{R"). (1.7) 

(ii) Conversely, for Q <s <n, there exists C7(x, ^ ) satisfies the condition 

(7(x,^)GB^ (1.8) 
but for \ <p <oo^we have 

o{x,D) is not continuous from LP{R") to LP{R"). (1.9) 
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The difficulty to study operator's continuity is to find an appropriate operator's decom- 
position such that the relative operators have some pseudo-orthogonality. Our new idea is 
to establish the operator's continuity in Theorems 3 and 4 on the basis of wavelet charac- 
terization in phase space, and the proof will be given in the last two sections of this paper. 

Remark 2. Meyer wrote in his famous book 1 12 1 that, for a long time, the study of opera- 
tors stayed in two isolated classes — Calderon-Zygmund operators and symbol operators. 
On one hand, one has found wavelet characterization for Calderon-Zygmund operators 
and established such operator's continuity and also commutator operator's continuity (see 
I5I7I13I17I19I '). On the other hand, one has given a wavelet representation for symbol 
operators and developed relative methods to study operator's continuity in this paper and 
in other papers (see LISJ ). That is to say, we can study both Calderon-Zygmund operators 
and symbol operators under their wavelet representation. 



2. Preliminaries 

At the begin of this section, we introduce some notations for wavelets and prove some 
wavelet properties. 

In this paper, we use a wavelet basis which is a tensor product of the wavelets in dimen- 
sion 1. When we characterize S'^ g in §§3 and 4 and when we analyse kernel-distribution 
in §5, we always use Meyer's wavelets; but in other cases, when we prove operator's 
continuity, we need Meyer's wavelets; when we construct special operators to prove that 
our results are sharp, we need sufficiently regular Daubechies' wavelets. In dimension 1, 
denote the father wavelet by 4>''(x) and the mother wavelet by (x). In high dimension, 
for e = (ei , . . . , e„) G {0, 1 }", denote 

^'ix)^fl^^-{xi) and 4>''(x) (2.1) 

i=i 

For j E Z,k E Z", denote 

fj^,{x)=2"j/^f{2'x~k). (2.2) 

Let {Vj}j^z be an orthogonal multi-resolution analysis in L^{R") and Vj+i — Vj (BWj. 
Then {<ifi i^{x)} i^fzz" is an orthonormal wavelet basis in Vj and {'i'^j i^(x)}gt£{o.i}"\{o}.keZ" 
is an orthonormal wavelet basis in Wj and L?{R") = Vb0j>o^;- Let Pj be the projector 
operator from L?{R") to Vj and let Qj be the projector operator from L?{R") to Wj. It is 
easy to see that Pq + Lj>o Qj is the unit operator /. Let 

A„ = {A = {e,j,k),e e {0,1}",; >0,keZ"; 

and if; >0, then £7^0}. (2.3) 

Then {'t'^^('«)}(f j k)eA„ orthonormal wavelet basis in L?{R"). Ve G {0, 1}", there 
exists {gl}kez" such that 



k 



(2.4) 
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Ve = (ei , . . . , e„) 7^ 0, let denote the smallest number / such that e, ^ and let = 
e^E denote the vector where the Tg coordinate is 1 and the rest are 0. For any sequence 
Wk}kez„, let ~ be the unit operator satisfying T^fl^, = 5'*'fli, = a/^; for e, S /„ where 
its ith element is 1 and the rest are 0; and for s ^N, let 

T:±eiak = ak±ei - ak and Seiak = - ^ a(^i,^ /t,_i./,<:,+, ,...,*:„)' (2-5) 

l = -oo 

and let T^^. = (T±e,.)' and S^. = Further, for a G A^", let 

T^^tlrZ^ and 5« = n5«'. (2.6) 

i=l 1=1 

For e, G /„ such that the ith element of e, is 1 and for s E N, let S^.f{x) — f{x) and 
Se,f{x) = - - Ze;), and let S% = further, for a G A?", let 5" = HLi 

Lemma 1. 

(i) For e G {0,1}"\0 and s e N, ^""''{x) ^ LkiSl^gt)'^^ {^x - k) satisfies 4>'^(x) = 

, 5>'^^^"(x); ant/ further, if (^^{x) are Meyer's wavelets, then <I>'^-'(x) G S{R"); if 

are Daubechies' wavelets and s is less than the index of divergence moment of 
wavelets, then <I>^'''(x) have compact support. 

(ii) For Meyer's wavelet, Vj3 G N", 5^(a^4>0)(x) G S{R"). 



Proof. 

(i) For e G {0, 1}"\0 and s G A^, by the scale equation (t>^{x) = Ligf<I>*'(2jc — k) and by 
the construction of <l>'^^^ (x), we have <I>'^(x) = , <f>'^^^ (x). Further, by divergence 

moment properties of wavelets, we have: 

(1) If <I>'^(x) are Meyer's wavelets, then {S'l^gH < Cs,n{1 + \k\y^,VN > and hence 

^^-'{x) esiR"). 

(2) If cS>^{x) are Daubechies' wavelets and s is less than the index of divergence 
moment of wavelets, then there exists Q such that, for \k\ > Cs, S'l^gf — 0, and hence 
<i>'^''*'(x) have compact support. 

(ii) For Meyer's wavelet, V)3 G A^", Y.iikl^(t>^{x — k) are polynomials Pp{x) where the 
degree of x, is j3,-; hence we have SP{dl^^°){x) G S{R"). Or we can prove (ii) 
by the fact that the Fourier transformation of S^^ {dP(i>^){x) is equal to fp{^) — 
C/j^/^n^Lill-e'^^-ftO^^); since supp<l>0(^) c [~f,^]", so fp{^) e S{R"). 

Besov spaces Bp'', which were introduced systematically by Peetre II14I can 
be characterized with their wavelet coefficients (see |12| and [19]). For f{x) = 
'L^={ej.k)eA„ (x), we have the following. 

Lemma 2. ^ 

fix) G B-^/'{R") ^ I Y.2'''^-^+i-f,) \a, "] (2.7) 
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Secondly, we introduce a useful and simple inequality which would be used often in 
this paper. 

Lemma 3. Va > l,m G R,x,y G R", we have 

(1 + \x\)'" < (1 + \y\)'"{l+a\x-y\)\"'\. (2.8) 

Proof. It is evident for m > 0. If m < 0, then we have 

(1 + \x\)"' < (1 + b|)'"(l + \x~y\)\'"\ < (1 + +a|x~3;|)l'"l. 

At the end of this section, a variation of the result in [ 15 1 (which discusses the operator's 
continuity) will be introduced. For j >0 and m ~ {k,l) G Z^", let T*^^^ be the relative 
conjugate operators of operators Tj Then we have the following lemma. 

Lemma 4. Suppose that Tj „, satisfies the following three conditions: 

\\Tj.,„\y^L^<C, (2.9) 
ll7;-.'t,./,7:M2./2lli^-i^^C(l+4-^>i-^2|)-'''''(l + |/i-/2|)-'^«, (2.10) 

i|7;-^,./,7:m2./2IIl2^l2<c(i + 1^1 -fc2i)-'''°(i +4-^1^1-/21)-'"°. (2.11) 

Then for No > n, Tj = Y^mez^" m defines an operator which is continuous from L^ to L^ 
and\\Tj\\^2^^2<C4j". 

Proof. First, we consider a finite sum Sj = Sj^n = ll\m\<N Tj,m- Since 8*8 j is a self-adjoint 
operator, we have \\8j\\^ = \\8*8j\\ = \\{8*8j)^\\^/^ for all integer M. But we have 

^ E VMJi'^j-h-h'''V,hM-\hM-J'j-l<2MhM- (2-12) 
kiM Jim 

We maximize \\{8*8j)'^\\ by 

H H \\VM,lJjM2^^^V,hM-uhM-Jhk2M,hM\\■ (2.13) 

First, we re-group all the operators two by two, and apply the continuity of ||r*^r, „/ 1|. 
We get 

W'-j.ki.li '-.i-hh ' ' ' jMiu-iJiM-i i'^iinhin II 

< C^(l + 1^1 -/t2 1) -2^^0(1 +4-j\h - i2\y^^° 

X • ■ ■ X (1 + \k2M-l~k2M\y^''°il +4-^\l2M-l " hMW^"" ■ 
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Then we maximize \\Tji^^ ;J| and ||7},it2M,'2Mll by the constant C, then re-group the remain- 
ing operators two by two. Applying the continuity of ^Tj^^T*^ ||, we get 



-2iVo 



< C"+^ ( 1 + 4-^ 1^2 - ^3 1 ) ( 1 + I ^2 - /3 1 

X •••X (l+4-^|^2M-2-^2M-l|)"''^°(l + |/2M-2-/2M-l|)~'^«. 

Combining the above two cases, we have 

X (1 +4-^>2 -A:3|)-'^° •••(! + |A:2M-i -fc2M|)-'^« 
x(i+4-^|Zi-;2|)-^o(l + |Z2-/3|)-''« 
x---x(1+4-^|/2m-i-/2m|)"'^°. 

Summing in order ki,..., k2M- 1 and /i , . . . , hu- 1 . one gets C'^^ ^ ^jn{2M- 1 ) . ^j^^j^ sunraiing 
k2M and I2M, one gets 

\\SfM^^j^2„^M+l^M2M-l) ||^||<^^^2„^M+l4;„(2M-l)^i_ ^2.14) 

Letting M ^ oo, we get ||5|| < C4'". 

Further, we adopt Journe's methods to pass to the general case. According to the above 
result, V/(x) € L^, we have 



\m\<N 



<C||/W||i2, VArGAr,|A^|<i. 



(2.15) 



Let e(A') = sup/;^>^||L^<|^|<^Amrm/(x)||i2. To prove that '£„T„f{x) converges to a 
function in L^, it is sufficient to prove that limAr^„o e (A^) = 0. It is evident that, VA^ < A^', 
we have e(A^) > e{N'). If e(A^) does not approach zero, then there exists 5 > and N >Q 
such that e(A^') > 5,VA''' > A^. Then we can choose m\f<m%<---< mjf < m^'^^ <■■■ 
such that for = LmM<|^|<^2t+i Tmf{x), we have 



(2.16) 



For e = e let Z{e,k) = L^i 0;Z,-. According to (2.15), we 

have ||Z(0,A:)|| < C\\f{x)\\^2. Since ZlMli < 2-''Zee{-i,i}4ZiO,kW, we have 
lf=i I|ZiIIl2 < CII/IL2, which contradicts (2.16)! 



3. Unconditional bases for (5 > 0) 

In this section, we use the usual 2n dimension wavelet basis in phase space to characterize 
5" = 5" and use wavelet basis which comes from tensor product of wavelet basis in n 
dimension to characterize S^^ (5 > 0) . 
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Let Ao,o = A2n and VA = {£,£',j,k,l) e Ao,o, let <Pi{x,^) = ^l^{x)^fi{^). Then 

{^x{x,^)}xeAo,o isanorthonormalbasisinL2(/?«x/?«).Fora;t = {a{x,^),^xixA))^ 
the following equaUty is true in the sense of distribution: 

a{x,^)= £ ax^xix,^). (3.1) 

Hence, we know that {ai}xeAoo becomes a new representation for symbol a{x,^). We 
say that {a;t};i€Ao,o ^NS'fi'^f 

kl<C;v2-^^(l + |2-^7|)'", VAr>0,AGAo,o. (3.2) 

For 5 > 0, let A^g = A„ x A„; and for A = {s,j,k,£',j\k') e Agg, let <5j^,(x,i^) = 
0| j.(jc)<J>^,' ,^{^). Then {^x {x, ^ )}a6Ao 5 is an orthonormal wavelet basis in L?-{R" x R"). 
Forfl;L = {<^ix,^),'i'x{x,^)),il is clear that {ax}xeAQg becomes a new representation for 
symbol. For 5 > 0, we write {a^jxeAo^s ^ ^0,5' 

\ax\ < C„,^2-(2+«)7-2-(2+P)/(l + 12-4'|)'"+^«, Va,/3 > 0. (3.3) 
On basis of the above notation, for 5 > 0, we have the following. 
Theorem 5. The following two conditions are equivalent: 

(7(x,^)e5^5, (3.4) 

WU6Ao,aGA^M- (3-5) 

Proof. First step. We consider the case where 5 = and we prove that (y{x,^) € 5qq 
impUes that {aA,}A,GAoo ^ ^0*0- consider three cases: (i) e' ^ 0, (ii) e' = 0,e ^ and 
(iii) e = e' = 0. For arbitrary e G {0, 1 }"\{0} and N>0, let /f /(x) be the Mh integration 
of /(x) for the Tg-coordinate. For Case (i) and for sufficiently large A^' > 2A^ + n+ |m|, we 
have 

\ax\ = \{aix,^),^lix)^fjm 

= 2^(«-^)Ka|^ a{x,^),0'{2jx-k){I^,0r' {2j^ -l))\ 

<2^-("-^) / K^'' a{x,^),<f%vx-k)mi^,<fr'{v^-m 



ST , 



- i (l + |2.'<?-/|r^- 

Then applying Lemma 3 to (1 + |^ D™, we have 

\ax\ < C2-j^{l + \2-jl\y"J (1 + \2j^ -/|)H-w'd^ 

<C2-j'^"+^\l + \2-jl\)'". 
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For Case (ii), by Lemma 2, we have 

\a,\=J |(c7(x,^),<I>,^,,(x))||<I>^«;,(^)|d^<C2-^-^| 
Then applying Lenmia 3 to (1 + |^ I)"*, we have 



(1 + 12^-^-/1)^' 



\ax\ < c2-^'^(i + \2-Ji\r I (1 + iiJ^-iiy^^-^'d^ 



\\m\-N' 



<C2-^'(«+'v)(l + |2--'/|)'«. 
For Case (iii), by Lemmas 2 and 3, we have 



K| = J |((T(x,^),a.«(x-A:))||«>0(^-/)|d^<c|- 



(i + i-^ir 



(i+i^-/ir 
< c(i + mrj (1 + 1^ -/|)H-^'d^ < c(i + 



Second step. We consider the case where 5 = and we prove that {«a}i€Aoo ^ 
implies that C7(x,^) G Sqq. For arbitrary a,j3 G A^", we choose A'^ > n+ |a| + |J3| and 
A'' >n+|m|.Wehave 



< 



£ 2/("+l«l+l^|-A') £ I (a«<5«)(2^x - A:) I 



:£(l + |2-^-/|r|(a|3.^')(2^-^-/)| 



< V 2;(n+l«l+l/3|-A')y (^ + 1^ ^^1)"* 
-^If, ^(i + |2;^_/|)-iv 



Then applying Lemma 3 to (1 + |2 we have 



A,€Ao,o 



< Ca^p (1 + 1^ I)'" L 2^'("+l«l+l^|-'^) 

<Q,p(i+i^ir. 



Third step. We consider the case where 5 > and we prove that (3.4) impUes (3.5). We 
distinguish four cases. 



(1) If e = e' = 0, then a^'^' .,^, = a^Jq^, = {g(x,^),^^{x - k)^^\^ - A;')). Since 
|(cy(x, ^ ) , <!>'' (x - I < C( 1 + I <^ I )'",' we apply Lemma 3, and get 

(2) lfe = 0,e'^0,then 

= 2-/1/^1 (a£ a(x, ^ ) , (x - fe) (/f 4>^-)/,,, )) . 
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Since | {d^^^ a{x, ^),<^°ix-k))\<C{l + \^ I)"", we apply Lemma 3, and get 

|«Al<C^2-^"^(l + |2-4'|r. 

(3) Ife^O,e' = 0,then 

Hence by Lemmas 2 and 3, we get 

|a^%\^|<C2-(S+«)^(l + |A;'|r+^«. 

(4) If |e||e'| ^O.then 

Hence by Lemmas 2 and 3, we get 

Wi\ < C„,^2-(5+«)^2-(2+l/5|)/(l + \2-J'k'\)'"+^". 

Final step. We consider the case where 5 > and we prove that (3.5) implies (3.4). Let 
<y{x, ^ ) = IagAo s ai^i (x, ^ ), then we have 

dla{x,^)= J: 2/l'5|«,0^^_,(x)(a|a.^'),.,^(^). 
By Lemma 2, we have 

||afc72(x,^)||^a. = SUp|2(l+«)^- £ 2f\P\a,{dP^'')y^A^)\ 

<sup £ 2^-'l/^l|a«f.,,, 11(^1 4>^'),.,,,(^)| 

+ sup 2(^+«)^- £ 2/l^l|a^^;,^;.,,,||0|4>^'),,,,(^)| 

< C(l + 1^ I)*" + C(1 + 1^ < C(l + 1^ |)'"+^«. 

Hence we get a{x,^) e S^g . 

4. Wavelet characterization for 5^g(p > 0) 

We use the wavelet basis which comes from the tensor product of wavelet basis in 
n-dimension. Let Ap § = A„ x A„. For A = {e,j,k,e',j',k') e Ap 5, let <t>x{x,^) = 

<I>^^,(x)4>^,'^,((^). Then {0x{x,^)}xeAp g is an orthogonal normal wavelet basis in 
L?{R" xR"). For a^ = {a{x,^),<t>i{x,^)), it is clear that {ax}xeA g becomes a new 
representation for symbol. For A = {ej,k,e',j',k'), if e' = 0, then / = and we write 
A = {e,j,k,k') and ai = a^jj^j^. Let t'^ = be the operator acting on k'. We say that 
W}i}xeAp s & ^pd' satisfies the following properties: 
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(i) The absolute value of satisfies: 

JC„.|32-(2+«);2-(2+^)/(l + \2-j'k'\)'"+^"-PP,\/a,p > 0, if e' ^0; 
\Ca2-(i+«)^(l + |yt'|)'«+^«,Va>0, ife' = 0. 

(ii) In addition, for e' — 0, also satisfies 

K'^^WI < Ca,)3 2^^^ +«);■(! + |A:'|)'«+^«-Pl/^l,Va > 0,j3 € iV", if e' = 0. (4.2) 

Then we have the following theorem. 
Theorem 6. The following two conditions are equivalent: 

cj{x,^)es';s, (4.3) 

{«A}AeA,.,eA^™5. (4.4) 

Proof. From symbol to number array. To prove (4.1), we consider first the case where 
e' ^ 0. For arbitrary a and J3 G A^", for sufficiently large A^' > n + |m| + 5|a| - p|j3|, we 
have 



K| = |{a{i,?),»J,(;«)4.;,r«)>| 
1 



272/(5-1/51)1(5/^ C7(x,^),<I>^(2^x-ifc)(/f,0^')(2/^ -ifc')>l- (4.5) 



By Lemma 2, we get 



|a,| <C2-^-(5+l«l)2/(5-l/3|) / ^±p!l!!-^d^ 



(l + |2/^-A:'|)^' 
Then applying Lemma 3 to (1 + |^ |)m+5a-p|P|^ have 

I^aI < C2^'(j-l«l)2/(2-l^l)(l + \2-fl^\)'^+5»-P\P\ 
X ^(1 + |2/^ -/t'Dl^+^^-Pl/JII-w'd^ 

< C2--''(S+l«l)2--'''(5+li3|)(l + |2--'V|)'"+^«-''l'^l. 

For e' = 0, for arbitrary a and for sufficiently large A^' > n + |ot| + 5|a|, by Lenama 2, 
we have 

\ax\ = mx,^\^l,{x)^l,{m 
- J (1+i^-fc'ir 

Then applying Lemma 3 to (1 + |^m+5a^ jjg^yg 

< C2^'(2-I"l'(l + /(I + 1^ |)|m+5a|-iV' 
<C2->(2+l«l)(l + |yt'|)'«+^«. 
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To prove (4.2), Va e A^, let T^/(x) = n"=i ^±ej{x). Hence we have 
xK]j^^^ = {a{x,^),^l,{x)T^^\^ -k')) 

For B, e /?",J3 e Af", there exists a ^' e 1 + |j3|) such that t/?c7(x,^) = d^o{x,B,'). 
Hence we have 

= {dlc{x,^'m^,{x)^\^ -k')). 

Then applying the same argument as above, we get the desired conclusion (4.2). 

From wavelet representation to symbol representation. We consider three cases: 
(1) |e| |e'| ^ 0; (2) e = 0, e' 7^ 0; (3) e' = 0. We calculate the derivation of the following 
three symbols: 

|e||e'|/0 

e=0,eVO 
<^^{x,t,)= £ ax^x{x,t,). 

e'=0 



We prove that Gi (x, ), C72 ) G 5 and G3 (x, £, ) e S'^ g. As for C7i (x, <^ ), for arbitrary 
a,j5 eN", we chooses > \a\,t > \l}\,d{s~a) < p{t- ji) andN' > n+\m + sd -tp\. 
Then we have 

ia«a^^(7i(x,^)l< £ 2^-(i«i-)2/(i^i-')£|(a>^)(2^x-^)l 
X L (1 + |2-^V|)'"+^^-'''i(a|a>^')(2^"^ -k')\ 



< 



jko y (l + |2/^-^'|)-A" • 



Applying Lemma 3 to (1 + \2-j'k!\f+'^-'P , we have 



|a«a|(7i(x,^)|<C«,y3(l + |^|)'«+^l«|-''l^l £ 2^'(l«l-^-)2^"(l^|-') 



7J'>0 

<c„^^(i + |^|)'«+^i«i-''i^i. 

As for (72(x,i^), for arbitrary a,j3 GA'", we chooser > |j3| andA^' > n+\m-tp\. Then 
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|rfa2(x,^)| < £ 2/(l/^l-0£|(a>0)(x-^)| 



/>o 

X L (1 + |2-^V|)'"-"'i(af 3)^')(2^'^ -k')\ 

e',kf 

"^fe 1^ (l + |2/^-^'|)-^' ■ 

Applying Lemma 3 to (1 + \2~ ^'k! P , we have 

|a«a|a2(x,^)| < C„,,j(l + l^lf'-Pl'^l £ 2i^\a\-^hi'm-t) 

/>o 

<Q,p(l + |^ir-''l^l 
As for (73 (x, 1^ ), for arbitrary j3 G A^", we have 



e,j,k,k' 



For all a e A'^, we choose N > n+\m + 5a — p\l3\\. Applying Lemmas 1 and 2, we have 



\\dl(y3{x,^)\\BZ.-<Ca,p 



<c 



<c„,j3(i + |^|)"'+^i«i-'^i'^L 



That is to say, a^ix,^) G S'" g. 



5. Kernel-distribution 

In this section, we consider the kernel-distribution property of symbols and prove Theo- 
rem 2. By Theorem 7, the kernel-distribution of the symbol operator o{x,D) can be writ- 
ten as 



k{x,z) = {2n)-^ £ a'flj,,,<i>'{2Jx-k)^'\2-J-z)e 
{e,j,k:e'j',k')eA„ 



a^j k!z 



where 



23 PAT™. 
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We decompose k{x,z) into three parts: 



h {x, z) = {iK)-" I ^M',k'^' - k)4>'' i2-j'z) e'2"' 
|e||e'|/0 



e=0,eVO 



/r3(x,z) = (27r)-" £ a^^,^, c'^'^^'iVx - k)^'>{z). 
e'=0 



Hence, by Meyer's wavelet property, we know that: (i) if |z| < ^, then ki {x,z) = k2{x,z) ■ 
0; and (ii) if |z| > then kT,{x,z) — 0. Now we prove that 

\d^d^k,{x,z)\ + \d^d^k2{x,z)\ < C„,^,^(l + \z\)-\ m > 



and 

\\d,^k,{x,z)\\j,g,-<C„,pj,\z\-'', VAr>0 

and 

n + OT + 5a + max(l,p)/3 <Np. 
First, we consider ki{x,z). For a, (5 €N",ysi and ti , we have 

h = \d^d^hix,z)\<C £ 2(l«l-*i)^2-("+")^" 

7J'>0 



X 

it' 



£(1 + |2~-'V|)'"+''i^~'"'+l^l 



X £ |a>^(2^x-^)| £ l^/4>^'(2-^'z)|. 

e/0,S: eY0,|rl<lJ3| 
By choosing tip > m + si 5 + |j3 1 + «, we have 

£(1 + \2-j'k'\)"'+'i^-'iP+\^^ < C2"^'. 
k' 

Note that Ze,k I d"^^ {2h -k)\<C\ hence we have 

7i<C £ 2i\»\-'^)i2-<^i' £ |4>^'(2-^'z)|. 
;,/>o evo 

Since <E>*^ (x) (e ^ 0) are Meyer's wavelets, there exists < M' < M such that \/a €N", 
we have supp(9"<t>*^ (z) C B(0,2*')\B(0,2''^ ). Hence, there exists at most a finite number 
/ such that Ig/^^o |4''''(2"^"z)| and 2-^' ~ C(l + By choosing si > \a\ and 

>max{ '"+^'^+l^l+" ,jV}, we get 

/i<c„,j3,iv(i + kl)"'^- 
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Secondly, we consider A:2(x,z). For a,j3 gN",S2 and?2, we have 

h = \d^d^pk{x,z)\ < c £ 2-(«+'2)^"£(i + ii-j'k'ir-'^p+^p^ 

/>0 k/ 

k eV0,|r|<|/3| 
We choose t2 > max{ "'"'"p^"'"" ,A^} and applying the same proof as above, we get 

h<Ca,p,N{i + \z\r''- 
Finally, we consider {x,z). We know that 



and 



Hence, 



k' (=1 e 



V k' 



drk,{x,z)=C £ ^'{2Jx-k) £ C«'^ 

{e,j,k)eA„ n +■»+■» =r 



By Lemma 2 and by the estimation of T^a^ ^ j^, we choose a convenient 15 £N" such that 
OT + 5a— p|/3| + |')^|+n<0 and get the desired conclusion. 



6. L^-continuity for symbol operator 

First, we prove a useful lemma. For ; = 1,2, let (£>' (x) be real- valued functions which 
belong to S{R"). For 7 > and m = {k,l) e Z2„, let 

Tj,mf{x) = J ^'^^]^,{x)^%{y)f{y) dy = J Kj,,„{x,y)f{y) dy, (6.1) 

where 

Kj,^{x,y)=c'^0]^,ix)0li{y). (6.2) 
The kernel-distribution of the conjugate operator T^*^ is 

K*Jx,y)=e--^y<Pl,{x)<P]^,{y). (6.3) 
Then we have the following lemma. 
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Lemma 5. Vm = {k,l),m' = {kf,l') GZ2„, there exists a sufficiently large No > n such that 
Tj^m satisfies the following two conditions: 

\\TmT*„AL^^L^ ^ C(l +4-^>-fc'|)-^^''(l + (6.4) 
l|7;-;fc,/rM'/llL2^L2 <C(l + |A:-fe'|)-^o(l+4-^|/-/'l)"'''°- (6-5) 

Proof. The kernel-distribution of Tjj^ I'Tj^k'/ is 

<«'(3'.^) = '^hk,A2-'iy-z))^li{y)^li,{z), 

where 

^i,k,e{z) = I ^\x-k)0\x-k') e-«^ dx. 

Since 

\^i,k,k' {2-^{y - z)) I < C(l + |A: - k'lfil + 2-^\y - z|)-^, 

we get the desired conclusion for the norm of Tj*i^ iTj,k',V- 
Further, the kernel-distribution of Tj^^^iTJ^^ f, is 

where 

<&2_, ;,(z) = J <I)2(x-/)<I)2(x-/') e'« dx. 

Since 

\^2,iA^~'iy - z)) I < C(l + |/ - Z'lf (1 + 2-^\y - zir", 
we get the desired conclusion for the norm of Tj^. iTj i^i^ii. 
Proof of Theorem 3. Let 

Kf(x,y)=c'^yZa^^^^l,{x)^f,{y) 
k,l 

be the kernel-distribution of fp^ . By Lemmas 4 and 5, we have 



kJ ■' 



Let 



K{x,y)=c^^ £ a>j{^l,(x)<i>f^,(y) 
e,e'J,k,l 

be the kernel-distribution of f ; then we have 

l|r||,2^,.<C£4^ sup \a%\. 

j e,e',k,l 
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Let Ff{x) be the Fourier transform of /(x); then we have a{x,D)f{x) = fFf{x), i.e. 
(j{x,D) is continuous from L? to L^. 

Now we prove part (ii) of Theorem 3. Let <I>'(x) be a regular mother wavelet, and 
supp<I>^(x) C B{Q,2^) where M is an integer. Let 0(x) be the Fourier transform of the 
function (<I>'(x))^; then there exists C\ such that for |x| < 2Ci, we have <I>(x) > Ci. For 

> 0, let T; be the set of I satisfying I'^'H G Z" and |/| < €2^^ where C2 satisfies 
I I/sT, e"*"""^ I > CAi" for |x| < Ci . Further, for y > 0, 2-^^-2^ and l-'^-H e Z", let aj^k,i = 
g-(4 Jfe/. otherwise, aj^k,i = 0. For j >0,l G Xj, let a^y = 2"-'"; otherwise, a^y = 0. 

To show that the result in Theorem 3 is sharp, we construct a special function and a 
special operator. Let // (x) = Y.i i i^) ™d let 

Kj{x,y)=c^l^aj,,j0]^,{x)^^,{y) 

k,l 

be the kernel-distribution of the operator 7} . We have ||/j||£2 ~ C and 

Jj = \\fjMx)\\l, 

2 

= I / / I«;A/«;,/(*],/(3'))' dy (x))^ dx. 
k •' •' I 

According to the definition of 4>(x) and aj^kj, we have 

^J = L[ e''"'^ 3>(2-^x)p(<I.j,(x))2 dx 



a-n(x-2-'k) 



^2-ix)\\^l,{x)fAx. 



By changing variables 2-'x — A: — > x and by the definition of a^y, we have 



|<D(4-^x + 4-^A:)n<I>^(x)r dx. 



For < Ci4-'' and |x| < Ci, we have \^{A~'x + A~'k)\^ > Ci. Hence, we have 



Ij>C j £e'4"'''^ 



|a>i(x)|2dx>C42>«. 



Let Kj{x, t, ) be the symbol of the operator (7y (x,D); then we have 

lky(^,0)llL2^L2>C4> and = 2^'^^+"^- 

That is to say, for < s < n, there exists a symbol C7(x,^) e but (7(x,D) is not 
continuous from I? to I?. 



7. //-continuity 

We begin with a lemma about the characterization of symbol. 
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Lemma 6. Ifa{x,^) satisfies condition (1.6), then 

i:2"'sup£l4'|;i<~. (7.1) 

j,e,s' k I 

In addition, for Q <s <n, the following two conditions are equivalent: 

£2^(«+^)a)a)<-, (7.2) 

£2^^sup£|a^%^;i<~. (7.3) 
j,e,e' k I 

Proof. From wavelet representation to symbol. That is to say, we prove that (7.3) impUes 
(7.2). For j> l,e € hn, we have 

j'>J{e,e',k,l) 
j'<j(e,e',kj) 

Hence, we have 

= 1 2^(«+') sup / ck / I aj,e {x,^)\ 

j>l meZ" Jl-'m+l-'Q Jr" 

<C£2^-(«+^)sup / . . £ |4'^,||3.^(2/x-fc)|ck 
+ CV2^(«+^) sup / y 2(^'-^> 

j>l meZ" Jl-Jm+l-JQ , 



X I |a}l,||<I>^(2^'x-^)|dx 
(e,e',*,/) 



C££2>supsup£k^4J 

;>i i'^i kez" e.e' i 



J>lj'<j 

lfO<s<n, then 



+ C££2(/-^>2>^supsup£|a^/^;j. 



V<C£2^''sup£|a^;^^',| 

/ e,s',k I 
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And further, we have 

/'= sup / dx / |a(x,^)|d,^ 

meZ" Jm+Q JR" 

<Csup [ I, \a'jl(i\\^'i2Jx-k)\6x 

<c£ sup 

j>Ok€Z",£x' I 

<C£2^-^sup£|a^%^;|. 

j e,e',k I 

From symbol to wavelet representation. For {£,£' ,j,kj) G Ajn, we have 

\a%\ = \{a{x,^),0'jl(i{x,m- 
If |e| + |e'| = 0, then j = and we have 

|4,",| = |((7(x,^),3.«'«(x-fc,§-/))| 

<C £ / / |(7(x,^)|dxd^ 

If |e| + |e'| 7^ 0, according to Lemma 1, we have 

[£,€ ) 

= 2i" I ((Ti+,-,(,,,,) {x, ^ ), 0.^'^' (2^x - fc, - /)) I . 

Hence we get 

Kfil^C I 2>/ ./ |(7i+,.(,,,,)(x,^)|dxd^ 

So we get the desired conclusion. 
Proof of Theorem 4. Let 

ft,/ 

be the kernel-distribution of the operator Tp^ . We have 

\Kf{x,y)\<Cl^'£\a'j'^i\\<^'{2Jx-k)\\^''{2-Jix-y))\. 

k I 



That is, 



/ l4'^'(x,);)|dx<C2>sup£|a^£| 

k I ' ' 
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and 

/ \Kf{x,y)\dy<CV"supl^\af(,\. 

J k I 

Hence, for I < p <°°, T^'^ is continuous fromL'' to LP. 
Let 

r={{e,e',j),yk,lGZ",{e,e',j,k,l)GA2n}. 

Hence o{x,D) = L(e,e',j)6r^/'^ is continuous fromL^ to for 1 < p <°°. 

Then we prove part (ii) of Theorem 4. Let M be a sufficiently big integer, let <I>^ (x) 
be a regular Daubechies' wavelet with supp3>'(j:) c fi(0,2*^) and let <J>^(x) be Meyer's 
wavelet. Moreover, let 

Gj{x,^)= £ ^\Vx-k)^\2J^) 

and let 

(2+M)jeN 

Then satisfies conditions (L8) and (L9). 
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